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ADDITIVE UNITS OF PRODUCT SYSTEM 


B. V. RAJARAMA BHAT, MARTIN LINDSAY, AND MITHUN MUKHERJEE 


Abstract^ 


Abstract. We introduce the notion of additive units and roots of a unit in a spatial product system. 
The set of all roots of any unit forms a Hilbert space and its dimension is the same as the index of the 
product system. We show that a unit and all of its roots generate the type I part of the product system. 
Using properties of roots, we also provide an alternative proof of the Powers’ problem that the cocycle 
conjugacy class of Powers sum is independent of the choice of intertwining isometries. In the last section, 
we introduce the notion of cluster of a product subsystem and establish its connection with random sets 
in the sense of Tsirelson ([27]) and Liebscher ([11]). 


1. Introduction 

A fundamental goal of quantum dynamics is the classification of semigroups of unital *-endomorphisms 
of the algebra of all bounded operators on a separable Hilbert space up to cocycle conjugacy. Associated 
with every such ‘Eo-semigroup’, is a (tensor) product system of Hilbert spaces ([!]). This translates the 
problem of classification of Ep-semigroups up to cocycle conjugacy into the problem of classification of 
the product systems up to isomorphism. A product system is a measurable family of separable Hilbert 
spaces (fs)s>o with associative identification £s+t — £s® £t through unitaries. A unit is a measurable 
section of non-zero vectors (us)s>o, Us € £s which factorises: Ug+t = Us 0 Ut, s,t > 0. Depending on the 
existence of units, product systems are classified into three categories. A product system is said to be 
of type I if units exist and they ‘generate’ the product system. A product system is said to be of type 
H if it has a unit but they fail to ‘generate’ the product system. Product systems having units are also 
known as spatial product systems. A product system is said to be of type HI or non-spatial if it does 
not have any unit. Spatial product systems have an index. The index is a complete invariant for type I 
product systems and each is cocycle conjugate to a OCR flow ([2]). There is an operation of tensoring 
on the category of product systems. The index is additive under the tensor product of spatial product 
systems. Product systems of type H and type HI exist in abundance but their classification theory is far 
from complete. It was shown that there are uncountably many cocycle conjugacy classes of type H and 
type HI product systems ([17],[18],[29],[28]) but we still lack good invariants to distinguish them. 

Tsirelson ([27],[26]) established interesting new examples of type H product systems coming from 
measure types of random sets or generalized random (Gaussian) processes. Liebscher, ([11]) then made a 
systematic study of measure types of random sets. Given a pair of product systems, one contained in the 
other, one associates a measure type of random (closed) sets of the interval [0,1]. These measure types 
are stationary and factorizing over disjoint intervals. The corresponding measure type is an invariant of 
the product system. See [11] for more details. 

Gontractive semigroups of completely positive maps are known as quantum dynamical semigroups. 
The dilation theory of quantum dynamical semigroups ([4]) reveals a new approach to understand Eq- 
semigroups. Every unital quantum dynamical semigroup dilates to an Eo-semigroup and the minimal 
dilation is unique up to conjugacy. 

Similarly, Eq semigroups on general C* algebras or von Neumann algebras correspond to product 
systems of Hilbert modules, ([14],[20],[21]). Much of the theory of product system of Hilbert spaces 
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and the theory of ifo-semigroups acting on B{H) can be carried through also for the product systems 
of Hilbert modules and Eq semigroups acting on the algebra of all adjointable operators on a 

Hilbert module. However there is no natural tensor product operation on the category of product systems 
of Hilbert modules. Skeide ([23]) overcame this by introducing the spatial product of spatial product 
systems of Hilbert modules in which the reference units (normalized) are identified and under which the 
index of the spatial product system of Hilbert module is additive. Restricting to the case of spatial product 
systems of Hilbert spaces, we have another operations on the category of spatial product systems. Suppose 
£ and E are two spatial product systems with normalized units u and v respectively. The spatial product 
can be identified with the product subsystem of the tensor product, generated by the two subsystems £'S)V 
and u®E. This raises the question whether the spatial product is the tensor product or not. Powers ([19]) 
answered this in the negative sense by solving the seemingly different but equivalent following problem: 

Suppose (j) = {4’t '■ t>0} and ip = {iljt : t > 0} are two Eq semigroups on B{H) and B{K) respectively 
and U = {Ut '■ t > 0 } and V = {Vt : t > 0} are two strongly continuous semigroups of isometries which 
intertwine 0* {(j)t{£^)Ut = UtA, V H G B{E[),t > 0) and ipt respectively. Note that the intertwining 
isometries of i?o-semigroups correspond bijectively to the normalized units of the associated product 
systems. Consider the CP semigroup (Powers sum) Tt on B{H © K) defined by 


r ( ^ ^ \ = ( ^ 

* \ z w ) \ VtZu* MW) J ■ 

How is the product system of the minimal dilation (in the sense of [9],[4]) of t related to the product 
systems of 0 and tpl Skeide ([22]) identified the product system as a spatial product through normalized 
units. The definition of Powers’ sum easily extends to CP semigroups and the product system of Powers’ 
sum in that case also is the spatial product of the product systems of its summands ([7],[24]). Motivated 
by this problem and its straightforward generalization to more general ‘corner’, amalgamated product 
(see Section 2) through general contractive morphism of two product systems (not necessarily spatial) 
was introduced in [8] which generalizes the spatial product. The spatial product may be viewed as an 
amalgamated product through the contractive morphism defined through normalized units. This answers 
Powers’ problem for the Powers’ sum obtained from not necessarily isometric intertwining semigroups. 

The structure of the spatial product, a priori depends on the choice of the reference units in their 
respective factors. In fact, Tsirelson ([30]) showed that the group of all automorphisms of a product 
system may not act transitively on the set of all units. It raises another question whether the isomorphism 
class of the spatial product depends on the choice of the reference units. Equivalently, whether the cocycle 
conjugacy class of the minimal dilation of Powers sum depends on the choice of the intertwining isometries. 
This was answered in the negative sense in [5]. See also [6]. 

In this paper, we start with a brief overview of the theory of inclusion systems and amalgamated 
products to make the readers familiar with these notions which we use repeatedly. Readers are referred 
to [8], [16] for more details. In Section 3, we introduce the notion of additive units and roots of a 
unit in a spatial product system. Additive units are measurable sections of product system which are 
‘additive with respect to a given unit’. Roots are the special additive units such that for each t > 0, the 
sections are orthogonal to the unit. The set of all additive units forms a Hilbert space and the set of 
all roots is a subspace of co-dimension one. We compute all the roots of the vacuum unit in CCR flows 
They are given by the set of all cxJtj, c £ K almost surely. From this, we establish 
that a unit and all of its roots ‘generate’ the type I part of the product system and the dimension of the 
Hilbert space of the set of all roots of a unit is the same for every unit and coincides with the index of 
the product system. We also generalize the notion of additive units and roots of a unit on the level of 
inclusion systems (see Section 2). We show that the set of all additive units of a unit in an inclusion system 
are in a bijective correspondence with the set of all additive units of the ‘lifted’ unit in the generated 
algebraic product system. The behaviour of the roots under amalgamated product is also studied. Using 
the properties of roots, we have an alternating proof of the fact that the Powers sum is independent of 
the choice of the intertwining isometries or equivalently that the isomorphism class of the amalgamated 
product through normalized units is independent of the choice of the units (see Section 4). In fact, we 
have an improvement of this result which says that the isomorphism class of the amalgamated product 
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through strictly contractive units is also independent of the choice of the units. This fact will be explained 
elsewhere ([15]). 

In Section 5, given any product subsystem of a product system £, we construct an intermediate 
subsystem called the cluster subsystem of T. A product subsystem corresponds to an ‘adapted’ family of 
commntative projections satisfying some relation. The commutative von Neumann algebra generated by 
them is uniquely determined by a measure type of random closed sets of the interval [0,1]. The distribution 
of the random mapping which sends a closed set to its limit points is the measure type of the cluster system 
of the original product subsystem. In a special case, the measure type corresponding to a single unit and 
the measure type corresponding to the type I part, both share the same relation. See Proposition 3.33, 
Chapter 3, [11]. Liebscher’s proofs of those facts use heavy machinery from measure theory of random sets 
and the direct integral construction. Here we explicitly construct the cluster subsystem without involving 
any heavy machinery. We show that the measure type corresponding to the subsystem and the measure 
type of its cluster are related by the above random mapping. Without using any random sets theory, we 
also compute that the cluster of the subsystem generated by a single unit in a spatial product system is 
the type I part of the product system. 

2. Inclusion system and amalgamation 

An inclusion system is a parametrized family of Hilbert spaces exactly like product system but the 
connecting maps are now only isometries. These objects seem to be ubiquitous in the field of product 
system. They are the recurrent theme of studying quantum dynamics, in particular CP semigroups. (See 
[10],[14],[12],[20],[8]). Even while associating product systems to CP semigroups what one gets first are 
inclusion systems, and then an inductive limit procedure gives product systems ([10],[8]). The notion of 
inclusion systems is introduced in [8]. It was also introduced by Shalit and Sholel ([20]) under the name 
subproduct system. The following definition is taken from [8]. 

Definition 1. An inclusion System (E,j3) is a family of Hilbert spaces E = {Et,t € (0, oo)} together 
with isometries Psu-'Es+t —>■ 0 Et, for s,t € (0,oo), such that \/ r,s,t & (OjOo), {ftr^s <8 lEt)Pr+s,t = 

(1b,. 0 I3su)l3r,s+t- It is said to be an algebraic product system if further every fis,t is a unitary. 

Definition 2. Suppose (E,l3) is an inclusion system. Then a family F = {Ft)t>o of closed subspaces, 
Ft C Et is said to be an inclusion subsystem of {E, j3) if [is,t\F,,+t{I^s+t) Cl Eg ® Ft for every s,t > 0. 

For each t G M+, we set 

n 

Jt = {{ti,t2, ... ,tn) ■ tj > = t,n> 1}. 

i=l 

For s = (si, S 2 ,..., Sm) G Js, and t = {ti,t 2 ,... ,tn) G Jt we define s t := 

(si, 52, ■ • ■) Sm, ti,t 2 ,..., tn) G Jg+t- Now fix t G K+. On Jt, define a partial order t > s = (si, S 2 ,..., Sm) 
if for each i, {1 < i < m) there exists (unique) G Jg^ such that t = Si S 2 s„i. The order 

relation > makes Jt a directed set. 

Suppose {E, P) is an inclusion system. For s = (si, • • • , s„) G Jt, we set Eg = Eg^ 0 • • • 0 Eg^. For 
s = (si, • ••, s„) < t = Si s„ G Jt, define /3s,t : Eg ^ Et by /3s,t = /3si,si O • • • O /3s„.s„, where 

/3s,s = Ies and for s = (si, • • • , Sn) G Jg, inductively define 

/3s,S = (J O /3s„_i,S„ ) • • • (d O /3 s2_s3H-|-S„)/3si,S2+S3H-|-S„ ' 

Proof of the following theorem can be found in Theorem 5, [8]. 

Theorem 3. Suppose {E,j3) is an inclusion system. Let St = indlimj,Eg be the inductive limit of Eg 
over Jt for t > Q. Then S = {St : t > 0} has the structure of an algebraic product system. 

Let {S,B) be the generated algebraic product system of the inclusion system {E,f3). Note that the 
unitary map Bg t goes from Sg+t to Sg 0 St for every s, t > 0. In other words, algebraic product systems 
are inclusion systems with all the linking maps are unitaries. Observe that any product system is an 
algebraic product system but the converse may not be true. The multiplication operation of a product 
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system £ gives rise to the unitary maps which goes from Eg ® £t to £s+t for every s, t > 0. Ad-joints of 
these unitary maps obviously associative and makes it into an algebraic product system. Therefore we can 
assume that a product system is a special algebraic product system. Though the linking maps implement 
‘co-product’ rather than ‘product’ but abusing of terminology, we call it an algebraic product system. 
Nevertheless, we can talk about an inclusion subsystem of a product system. The following important 
fact that an inclusion subsystem in a product system generates a product subsystem is used throughout 
without reference. For the proof, see Lemma 33, Appendix A. The following definition is taken from [8]. 

Definition 4. Let {E, (3) he an inclusion system. Let u = {ut : t > 0} he a family of vectors such that 
(1) for all t > 0, Ut € Ef (2) there zs o /c G R, such that ||Mt|| < exp(tfc), for all t > 0. and (3) Ut ^ 0 for 
some t > 0. Then u is said to he a unit if 

Us+t = /3s,t(Ms ® Ut) Vs, t>0. 

Let it : Et ^ £t be the canonical embedding. 

Theorem 5. Let {E,j3) he an inclusion system and let (£,B) he the algebraic product system generated 
hy it. Then the map i* provides a hijection between the set of all units of {£, B) and the set of all units 
of {E, l3) by letting it acts point-wise on units. 

For the proof, readers are referred to Theorem 10, [8]. 

Fix a unit u of (E, j5). Then by the above theorem there is a unique unit it in {£, B) such that for every 
t > 0, it{ut) = Ut. We say u as the ‘lift’ of u. Note that if u is normalized, then u is also normalized. 

Amalgamation 

The amalgamated product of two product systems over a contractive morphism is introduced in [8]. 
The index of the amalgamated product over general contractive morphism is computed in [16]. The 
following theorem characterizes the amalgamated product. See Theorem 2.7, [16]. 

Theorem 6. Suppose {£,W^) and {E,W^) are two product systems and let C : {E^W^) —>■ {£,W^) 
be a contractive morphism. Then there exist an algebraic product system {G,W^) and isometric product 
system morphisms I : £ ^ G and J : E ^ G such that the following holds: 

(i) (Isix), Js{y)) = {x, CsV) for all x G £s and y & Eg. 

(ii) G = I{£)\J J{E). 

G is said to be the amalgamated product of £ and E over the contractive morphism C and denoted by 
G = £ ®c For the details of construction, we refer to Section 3, [8]. 

3. Additive units 

Suppose f is a product system. The multiplication operation in £ is as follows: For s,t > 0, a € £g, 
b € £t, have a - b G £s+t and £s+t = span Eg ■ £t. Also for a, a' G Eg, b, b' G £t, we have 

{a-a', b- b')E,+t = {a, h)s, {b, b')s,. 

In this section, we abbreviate the multiplication a ■ b as ab. 

Definition 7. Let £ be a spatial product system and let u = {ut)t>o be a unit of £. A measurable section 
(at)t>o of £ is said to he an additive unit ofu if for all s,t > 0, 

Ug+t = UgUt + UgUt. 

Definition 8. An additive unit a = (at)t>o of a unit u = (ut)t>o is said to be a root if {at,ut) = 0 for 
all t > 0. 

Remark 9. It is clear that the set of all additive units of a given unit forms a vector space under point wise 
addition and point wise scalar multiplication. The set of all roots forms a vector subspace of it. Indeed 
if a = (as)s>o and b = (&s)s>o are two additive units(roots) of a unit u, then clearly Xa := (Aas)s>o 
and (a -I- b) := {ug &s)s>o are additive units(roots) of u = (ms)s>o- Also note that, if a is an additive 
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unit(roots) of u, then {a')s>o which is defined by o' = exp{Xs)as, is an additive unit(roots) of {u'g)s>o, 
where u'g = exp{Xs)us. In other words, the additive units of a unit are completely determined by the 
additive units of the normalized unit. 

Example 10. Let u = (ms)s>o be a unit in a product system S. Then the measurable seetion b = (6s)s>o 
given by bs = XsUs, for some X € <C, s > 0, is an additive unit of the unit u. We call them as the trivial 
additive units of the unit u. 


Let a be an additive unit of a unit u. For s > 0, consider the measurable function 

/ : R+ ^ C 


given by 


f{s) = {Us, 

Then a simple computation shows that f{s + t) = 
Decomposing Ug = bg + b'g, where 


as)\\ug\\-^. 

- f{s) + f{t), s,t > 0. This implies f{s) 


6s = (■Ws,as)||Ms|| 


s/(l)- 


and 

bg Og ((Us 7 Us) II^S II ^s); 

we find that bg = (Ast6s)s>o for some A G C and 6' is a root of u. In other words, every additive unit 
decomposes uniquely as a trivial additive unit and a root. From the remark, we may assume without loss 
of generality that our unit u is normalized, i.e. ||t6s|| = 1, for every s > 0. Let a and 6 be two roots of the 
normalized unit u. Then a similar computation shows that 


{ag,bg) = s(ai,6i), s > 0. 


Now consider a, b two additive units of u. Then we can decompose 

Og = Cg + c'g , bg = dg + d'g , s > 0, 


where 


Cg = s{ui,ai)us , dg = s{ui,bi)ug , s > 0, 


and c', d' are roots of u with 


{c'g,d'g) = s{c[,d[). 

Now {c[,d'i) = ((oi — {ui,ai)ui), (bi — {ui,bi)ui)) = (ai,6i) — (oi, 6i). From this, a simple 

computation shows {ug, bg) = s'^{ai,ui){ui, bi) + s(ai, 6i) — s{ai,ui){ui, bi). In other words. 


(3.1) {ag,bg) = {9gai,0gbi), 

where dg : Si ^ Ei is given by dg = [s/ + (s^ — s)|ui >< wi|]^. 


Proposition 11. Let u be a normalized unit of a product system S. Then the set of all additive units of 
u forms a Hilbert space under the inner product {a, b) =: (oi, bi)si ^be set of all roots of u is a closed 
subspace of co-dimension one. 


Proof: Let us denote by and be the vector spaces of all additive units and roots of u respectively. 
For a, 6 G A^, define an inner product on A^ by (a, 6) = (oi, 6i). Let {a"}„>i be a Cauchy sequence, i.e. 
IIa” —o’”II —>■ 0 as m, n —>■ oo. Now from Equation 3.1 , we get for each s > 0 ||a” —a™|| = ||ds(a” —a)|")|| < 
ii^sllll®! ~ ®r'll = ll^s||ci^” ~ 0- Lsf fo^ sach s > 0, Og = Lim„_,.ooa". The section (ag)g>o is clearly 

measurable as being point-wise limit of measurable sections. Now we will show that (ag)g>o is an additive 
unit of u. Let e > 0 be given. For s,t > 0 choose N such that for n > N, ||a” — as|| < |e, ||a” — at\\ < 
and ||a”+t - ag+t\\ < ^e. Then 

llog+t - a.sUt - u.sat\\ 

< ||ag+t - a”+(|| -b WogUt - agUtW -b \\ugaf - UgOtW < e. 

So a G and ||a” — a|| —>■ 0. This proves that Af, is complete with respect to the inner product. Other 
part is trivial. □ 
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Proposition 12. The set of all roots of the vacuum unit in CCR flow of index k is given by the set 
{cxt] ■ c G K} almost everywhere. 


Proof: It is easy to see that cxtj, c G K are the roots of the vacuum unit. To prove the converse, if a is 
a root of the vacuum unit, then in Guichardet’s picture described in Appendix B , the following identity 
is valid almost everywhere, 

( as{cr f] [t, s + t] — t) if (Tn[O,t]=0 
as+t(cr) = < at(crn[0,t]) if a n [t, s + t] = 9 , ct G A(s + t) 

I 0 otherwise. 


Fix s G K+. Let k be any natural number. Denote by [a,b]' the complement of [a, 6] in [0,s]. Then we 
have the identity, almost everywhere , 

f a|(an[(^,s]-(^) if an[(^,s]' = 0 
a.(an[^,^]-^) if an[(^,(^]' = 0 

, a G A(s) 


as{a) = <( 


[O’ f]) 

0 


if (Tn[o,f]' = 
otherwise. 


Suppose that ff a = n, then the subset of A„(s), where as is non zero except on a set of measure zero, 
is contained in 

uto^[A„(s/fc) + is/k], for all fc = 1, 2, • • • . 

The Lebesgue measure of the set U^“g^[A„(s/A:) +is/k] is s'^/n\k'^~^. So the Lebesgue measure of the set 
nfc>i [A„(s/fc) + is/k] is zero for n > 2. It follows that as vanishes on A„(s), for n > 2. As it is a 

root, it is orthogonal to the vacuum unit, we conclude that, as is a measurable function in s], K) 

with the property, a.e. 


(3.2) as = Or + Sras-r, Vr, 0 < r < s. 

where St on T^(IR+, AT) defined by 


(3.3) 


{Stf){s) 


f{s — t) it s >t 
0 otherwise. 


For every x € K, define the measurable function : K.+ —>■ C, by Ax{s) = (os, xyls]). An easy calculation 
shows that Ax{s + t) = Ax{s) + Ax{t). Its measurable solution is given by ^ 3 ,( 5 ) = sAx{t). Let us define 
the linear functional / : /C —>■ C by f{x) = (ai,a;x|i]), for a; G AT. It is bounded as ||/|| < ||ai||L 2 . So by 
Riesz representation theorem there is a unique y € K such that f{x) = {y, x). Now for r < s, z € K, 


{as - yx\s],zx\r]) = {ar, zx\r]) “ r{y, z) 
= rA^{l) - r{y,z) 

= 0 . 


As the set {zx\r\ : 2 G AT, 0 < r < s} is total in A^([0, s],K), we have Og = yx\s]- D 

Let us denote by , the Hilbert space of roots of the unit u in S. 

Theorem 13. Suppose (£, W) is a product system and u is a normalized unit of £. Then dim Af = 
index £. 


Proof: First we claim that roots of u are in , the type I part of £. Given a root a of u, ||a|l = 1, 
set Es = span { 115 , 05 }. Then it is easy to see that {E,W\e) is an inclusion system. Let TsymiL'^iOfl]) 
be the symmetric Fock product system. Define (fs '■ Es ^ Tsym (A2[0,f] by 4>siaus + flas) = aXls + flxls]- 
Then (f = (<))s)s>o is an isometric morphism of inclusion system. So the product system generated by 
u and a is isomorphic to a type I product system. This proves the claim. Any isomorphism of £^ to 
t'sym{L^^fl], K) (dim K = index £) sending u to vacuum unit, sends roots to roots. This implies every 
root of u under this will be mapped to a (cx|s])s>o and vice versa. The result now follows. □ 
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Corollary 14. Let a be a root of a unit u in a spatial product system {S,B). Then a G . 

Corollary 15. Suppose {S, B) is a spatial product system and u is a unit. Then the product system 
generated by the unit u and all roots of it, is the type I part of {£, B). 

We shall now define all these notions on the level of inclusion system. We quote the following definition 
from [8]. 

Definition 16. Let (E,j3) be an inclusion system and let u be a normalized unit of {E,l3). A section 
(«t)t>o of {E, j3) is said to be an additive unit of the unit u if 

Us+t = fdg tiO's (Si Ut + Us (Si at) and ||as|P < k{s + s^), s > 0, for some k > 0. 

Definition 17. An additive unit a = (at)t>o of a unit u = {ut)t>o is said to be a root if {at,ut) = 0 for 
all t > 0. 

Proposition 18. Let {E, jd) be an inclusion system and let {£, B) be the algebraic product system generated 
by it. Then i* provides a bijection between the set of all additive units of u in {£, B) and the set of all 
additive units of i*{u) in {E,l3) by letting it acts point-wise on units. More over ifi*(a) is a root of i*{u), 
then a is a root of u. 

Proof: Suppose u is a unit of the algebraic product system {£, B). Then by Theorem 5, i*{u) is a unit 
of the of the inclusion system and i*(u) = u. Let a be an additive unit of u. Consider i*{a). Now 

/5s,tK(«s) C) (^t) + i*s(.Us) 0 *((«()] = [(is 0 it)l3s,t]*[aa 0 Ut + Ms (g) at] 

= [Bs,tis+t]*[as (g) ut + Ms (g) at] 

~ *s+t®s+t- 

Hence i*{a) is an additive unit of the unit i*(u). 

Now we prove the injectivity of i*. Consider two additive units a and b of the unit u in (£, B) such that 
i^at = itbt for all t > 0. Fix t > 0. For s = (si, S 2 , s„) € Jt, Define Og = J2j=i 'Osi <g) Us 2 <£>■■■ <g) 

Osj (g) (S ■■ ■(SUs„ and bg = ^si <g) Usa • • • (g) (g) bg^ (g) (g) • • • (g) Us„. Now for s G Jt, 

- 5(5 7 -) 5(5 

i^at = 

— (^tjS^s) 

n 

= (igj (g) • • • (g) *s„) ^ Usi (g) ^52 (g) • • • (g) Usj_i (g) asj (g) risj+i (g) • • • (g) ■Us„ 

i=i 

n 

= (igj (g) • • • (g) *s„) ^ Usi (g) ^52 (g) • • • (g) Usj_i (g) bsj (g) Usj + i (g) • • • (g) ■Us„ 

i=i 

= {Bt,sQ*bg 
= 

= ^lbt. 


This implies igitat = The net of projection {igit ■ s G Jt} converges strongly to the identity. So 

we get at = bt. 

Conversely, let u be a unit and a be an additive unit of u in {E, j3). Fix t > 0. For s = (si, S2, s„) G Jt, 

Define Og = Ug^ ® Ug^ ® ® Usj_i (S ag^ (g) (g) • • • (g) Us„- Now the family {igOs : s G Jt} is 

bounded as 

n 

lllsRsf < +S-) 

< k{s + s^). 
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It follows from the hypothesis that, for s < t G Jt, 

as = PttO-t- 

Now for s < t G Jt, 

^s^s^tRt — ^s/^s.tat — tgCis- 

Given e > 0, a; G Et, choose s £ Jt such that ||(/ — ts*s)^ll < Then for t > s, we have 

(ztat - tsOs, x) = ((/ - isC)*tat, x) 

= (ztOt, (/ - isil)x) 

< |lztat||||(/-tsC)a;|| 

< [A:(s + s^)]^e. 

So for each x G £t, {(fsas,a;) : s G Jt} is a weakly Cauchy net. Set (fi^x) = lim (fsOg, x). Then (p : St ^ ^ 

se Jt 

is a bounded linear functional with ||(/)|1 < k{s + s^). So there is a unique vector at G St such that 
(j>{x) = {at,x). This implies for every x G St, {isdsjx) = (at,x). Now for s G Jt, 

iJlctt = lim ij^itat 
teJt 

= lim isPltO't 

t^Jt ’ 

- ZgCJs . 

This shows that {zgOg : s G Jt} converges to at in the Hilbert space norm. Let u be the lift of u in the 
algebraic product system. Our claim is that a = (at)t>o is an additive unit of the unit u = (ut)t>o in the 
algebraic product system. For x £ Ss, y £ St, 

(Og o fit + Ms O at,a; O y) = lim ((tg O tt)[as O wt + Ug O at], a: O y) 

ss Js.te Jt 

= lim ((tg O tt)ag_t, ( 2 : O y)) 

SG «/s ,t^Jt 

= lim (Ss.tis—tOg^t, a; O y) 

SG «/s ,t^Jt 

= ( lim Zs_tag_t,S*t(a;(g)y)) 


= {Bs,tas+t,x® y). 


This proves the claim. 
For X £ Et, we have 


{i*tat,x) = {at,itx) 

= lim (frOr, tta:) 
re Jt 

= lim (it ZrOr, a;) 
re Jt 

= lim (/3t*rirtrar, a^) 

re Jt 

= lim (/3t*rar, a;) 
re Jt 

= (at, a:). 

This implies i^at = at- 

Finally, if 6 is a root of a unit v in the inclusion system {E, j3), then 

{ht,Vt) = lim(Zr5r,ZrMr) 
re Jf 

= lim(5r,Ur) 
re Jf 


= lim (Uri O Mrs O • • • M, 


re Jf 




Tj-l 


) br, O M, 


rj+1 


I Vr„ , Mri O Mrs O 


'Mr„) 
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= 0. 


This proves the last assertion. □ 

Here we show how the root space behaves under the amalgamation through partial isometry. Suppose 
£ and F are two product systems and C = (Ct)t>o : Jr —>■ is a morphism of partial isometry. Also 
assume that £®c F is a product system. Let v = {vt)t>o be a normalized unit of F such that C^CtVt = Vt 
for all t > 0. Then Cv := {CtVt)t>o is a normalized unit of £. We have for every t > 0, ItCtVt = JtVt, 
where It '■ £t ^ {£ 0c ^)t and F : Ft ^ (£ 0c ^)t are injection morphisms. Let us denote the common 
unit by u in £1 0c F. i.e. Ut = It{CtVt) = Jt{vt) for all t > 0. Denoting := {oi £ £i : a £ Rcv} and 
TZ^ := {bi £ Fi : b £ R^}. Given two closed subspaces H and H' of a Hilbert space G, denote hy HV H' 
the smallest closed subspace of G containing H and H'. 

Theorem 19. Suppose (£, W^) and (F^ ) are two spatial product systems and suppose C = {Ct)t>o ■ 
Ft -£ £t is a morphism of partial isometry such that the amalgamated product £ 0c F is a product 
system. Also Suppose v = (vt)t>o is a normalized unit of F such that CfCtVt = Vt for all t > 0. Then 
Cv := {CtVt)t>o and v = (wt)t>o are identified in £ 0c F. Denote the common unit by u = {ut)t>o in 
£0F. Then ©Ci 7^^. 

Proof: We may assume from Theorem 2.7, [16], that £ and F are subsystems of the amalgamated 
product £ 0c F. As G is a morphism of partial isometry, we get from [16], Proposition 2.10, that for 
each t > 0, and Pj:^ commute as elements in B{{£ 0c F)t). So Pe^nJ^t = PetPj^t^ which implies 
£ C\ F ■.= (£t C\ Ft)t>ci is a product subsystem. In this identification, we have u = v = Cv. Hence u is a 
normalized unit oi £r\F and TZf^ ©Ci Ru coincides with TZ^\/TZff inside . So to prove the theorem, 

it is enough to show that 

V 

Clearly Uly C . Now for a £ consider b = (&t)t>o where bt = Ps,at, b' = {b't)t>o 

where b'^. = Pj^^at and b" = {bt)t>o where b'f = Pe^cF^at. We claim that 

b £ , b' £ R^, b" £ Ri^^. 

Note that for every s > 0, 

Us = PSs = Pj^sUs = PEsCJ^sUs- 

As P£ = {Pe^)s>Q is a projection morphism from {£ 0c F, to {£, W^), we have 

(Ps. 0 = Wf^tPs.^,, s,t>0. 

This implies 

Wf^Fs+t = Wf^tPs,+,a,+t 

= (Ps. 0 Psjwj^f^^^a.+t 

= (Ps^ 0 PsJi^s 0ut + Us0 at) 

= (bs 0Ut+Us0 bt). 

This shows b £ i?f. Similarly we have, b' £ Rff and b" £ R^^^- Also note that &, 6',&" € Set 

c = b + b' — b". Then we have for all t > 0, 

Pst («t - ct) = bt - bt = 0. Pj^^ {at - ct) = 0,. 

Therefore 

PstyJ^A^t - Ct) = 0 . 

Note that {£t V Ft)t>e) is an inclusion system which generates the product system £0cF. Also note that 
(-P£tV.Ft(at ~ Ct))t>o is a root of u in the inclusion system {£t V Ft)t>o) while (a* — Ct)t>o is a root of u 
in the product system {£ 0c F). As {£t V Ft)t>o) generates the product system {£ 0c F), we have from 
the injectivity of the map i* described in Theorem 18, for all t > 0, at = Ct. So oi = &i — 6" + b'^, where 
bi — b'( G TZ^ and b'^ G TZff. Hence TZ^ V TZff = □ 
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Suppose {£, W^) and {T, W^) are two product systems. Let ■u'’ and be two normalized units of £ 
and J" respectively. Consider £ (Sic where Ct = |m°)(v°|. In the amalgamated product system £ (Sc 
uP and are identified. We denote the common unit by a. 

Corollary 20. Let £, (F, a be as above. Then © 7^^. 

Proof: For x G , y G 7?.^, 

{x,y)ci = {x,Ciy) 

= {x, |u?)Kly) 

= {x,ul){vi,y) 


Remark 21. It is noted that the condition on C that it is a partial isometry in Theorem 19 is a necessary 
condition. It may not be true for general contractive morphism. Let £t = Cut and (Ft = Flvt be two type 
Iq product systems with ||ut||||ut|| < 1 for some t > 0. Let Ct = \ut){vt\. Then IZ^ = 0 and IZ^ = 0. On 
the other side, we have £ (Sc F is a type Ii product system. Though a priori, it is not clear whether in 
this case, £ (Sc F is a product system. But this is indeed true (115] j. Therefore IZ^®‘^^ {0} for every 

unit a in £ ©c Hence ^ TZ^ ©Ci 

4. Amalgamation through normalized units is independent of the choice of units 

In this section, we will show that the amalgamation through normalized unit does not depend on the 
choice of the units. Proof of this fact is almost visible when we use the theory of random sets ([11]). In 
[5], a short and self-contained proof has been presented. Also see [3]. Here we will prove this fact using 
roots. 

First, we show that the amalgamation of two spatial product systems through normalized units can 
be identified with the product subsystem of the tensor product of the two systems. Let £ and T be two 
spatial product systems and u and v be two normalized units of £ and (F respectively. Define a contractive 
morphism C = {Ct)t>o '. (Ft ^ £t by Ct = l'Ut)(vtl. Denote £(Su,v(F := £®c^- For two product subsystems 
Q and Q' of the product system %, we denote hy Q\J Q' the smallest product subsystem of % containing 
Q and Q'. 

Proposition 22. Suppose £ and F are two spatial product systems and u and v are two normalized units 
of £ and F respectively. Then £ 0u,v F is isomorphic to the product system generated by £(Sv and u(S F 
inside £ (S F, i.e. £ Su.v — {£ S v) \J{u S F). 

Proof: As u and v are normalized, we see that I : £ ^ £(Sv and .L : F ^ u(SF are isometric morphisms 
of product system. Also note that for x G £s and y G Fs, {I{x),J{y)) = {x, \ut){vt\y). Now from the 
property of amalgamation (Theorem 2.7, [16]) we conclude that £ (Su,v F ~ {£ ®v)\J {u® F) C £ ®F as 
algebraic product systems. Now transferring the measurable structure of (£ ® v)\/{u® F) onto £ ®u,v F 
via the isomorphism, we can make £ ®u,v F into a product system and the isomorphism becomes the 
isomorphism of product systems. □ 

Suppose f is a product system and u = {ut)t>o is a normalized unit of £. Then for every interval [s, t], 
0 < s < t < 1, we may identify, £i c:i£s® £t-s © £i-t- Let Psy = Pss<»Cut-,<»Si-t = 1© ® Pcut-, ® l^i_f 
From Proposition 3.18, [11], we know that (s,f) —>■ Ps^t is jointly continuous. So in the compact simplex 
{0 < s < t < 1}, it is uniformly continuous, i.e. Pgg goes to identity strongly as (t — s) -G 0. In this 
section, we denote the multiplication operation of the product system by o i.e. a G £s, b G £t, we have 
aob G £s+t- We write Psy as o Pcut-„ ° This is to differentiate the multiplication operation of 

the product system with the tensor product operation on the category of product systems. Though note 
that this is not the usual operator multiplications as they are not acting on the same space. We hope 
these notations do not lead any confusion. 

For n> 1, we have Pi-i ± = Is i o • • • o 1^ ^ o Pcu i o • • • o 1^ i , where Pcu i on the f-th place. 
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Theorem 23. Suppose S and F are two spatial product systems with normalized units u and v respectively. 
Then S 0u,v F is isomorphic to the product system generated by S 0 F^ and ® F inside S ® F, i.e. 
E F ^ {E ® F^) \J{E^ ® F). 

Proof: We know from Proposition 22, that £ ®u,v F ~ [E ® v)\l{u ® F') C E ® F. So to prove the 
theorem, it is enough to show that £®F^ G {£®v)\J{u®F),as the proof oi£^ ®F G {£®v)\l{u®F) is 
identical. We fix the time point t = \. Now from Theorem 15, it is enough to show that for z £ £i and for 
any root a of i; with ||ai|| = 1, z®ai € ((E0v) \/(u0F))i. For other time point, proof goes identically. Let 
e > 0 be given. From uniform continuity of choose N such that n > N, \\z — Pi-i ±z\\ < e, for every 
i = 1,2, - ■ ■ ,n. Choose and fix n > iV. Decompose oi = X]r=i where P = v±o---ov±oaj_ov±o---ov±, 
with a± at i-th place. Clearly ||x*|| = \l\fn. 

n n n 

\\z (g) oi — y^{Pi-i ±z ^ a;*)|p = II ^ z® — '^{Pi-i ±z^ a;*)|p 

i—1 i i 

n 

= II C) XiW'^. 

i 

Now for i ^ j we have {xi,Xj) = 0. So {{z — Pi-i i.z) (g) Xi, {z — Pj-i j_z)® xj) = 0. So we have 

n n 

11^001 -'^{Pi^^±z(^x")f = Y^\\z - Pi^±zf\\x"f 

i—1 i 

n 

<l/nJ2\\z-P^^^zr 

i 

<e". 

Now the vector 

Pi -1 ±Z® X^ =i O Cj o ■ ■ ■ o ou± o o • • • o c") 

j 

(g) (vj_ O O • • • O Oi o v± O ■ ■ ■ O v±) 

= (g) fj.) o (c^ (g) Ui) o • • • o (cd~^ (g) v±) 

j 

o {ui_ (g) aj_) o (cd+^ (g) nj_) o • • • o (c" (g) nj_). 


Note that, for every 1 < j < n, (g) vj. G (£1 (g) n)i and {ui (g) aj.) G (u (g) P)!. 

This implies that 2 ; (g) oi G {{£ (g) v) \/{u (g) P))!. □ 

Corollary 24. Suppose £ and F are two spatial product systems with normalized units u and v respec¬ 
tively. Then {E^ ®v)\l{u® F^) = {E^ (g) F^) = {£ G) FY . 

Theorem 25. Suppose E and F are two spatial product systems with normalized units u and v respectively. 
Then = (i?f (g) n) © (m (g) RY)- 

Proof: For a G and b G R^, define for each s > 0, = Og © Us + © bg. Then for s, t > 0, we have 

dg o {ut © vt) + (ug © Vg) o dt 

= {as © Ug + Ug © bs) o {ut © Vt) + (ug © Vs) o {at © Ut + m* © h) 

= [(ug o Ut) © {vg o Vt) + {ug o Ut) © {bg o Ut)] + [{ug o at) © {vg o vt) + {ug o ut) © {vg o bt)] 

= [(ttg O + Mg o at) © Vg+t + Ug+t © {bg ovt + VgO bt)] 
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= as+t ® Vs+t + Us+t ® bs+t 

= ds+t- 

This implies d G Ru%v we obtain D (i?f 0 v) © (u 0 Ry)- Observe that {(os © Ws) + 

{us © &s) : a G Rt^b G Ry} is a closed subspace of {c^ : c G Rf^y}- We claim that for every s > 0, 
{cg : c G i?f|f^}0{(ag©Us) + (us©&s) : a G i?f, b G Ry} = 0. Suppose c G Ru%y ■ Also suppose that for all 
a € Ry and b G Ry , and for every s > 0, (cg, Og © Vg + Ug © bs) = 0. As c G Ry^y, we have for every s > 0, 
{csjUs © Vs) = 0. Now from Corollary 15, we have for every s > 0, Cg belong to the ortho-complement of 
{{S^ © w) VCw © Now from Corollary 24, we get, for every s > 0, Cg is in the ortho-complement of 

(f© . But as c G Ry%y , we have from Corollary 14, for every s > 0, Cg G {£®F)l. This shows that for 

every s > 0, Cg = 0. This proves the claim. Hence we have the equality Ry^y = {Ry © u) © (u 


5. Cluster construction 


Here we introduce a new construction called the cluster construction. Given any product subsystem P 
in a product system E, we attach a product subsystem F Z} R. We call the product subsystem F as the 
cluster of F in E. The name ‘cluster’ comes from the following connection of random sets discussed in [11]. 
Every product subsystem corresponds to a unique probability measure on the closed subsets of [0,1]. The 
set of all closed sets of [0,1] can be topologized by hit and miss topology (see Page 2, [11] , Section 1-4, 
[13] for details). The mapping ‘cluster’ which sends a closed set to its limit points is a measurable map 
on this space. We show here that the probability measure corresponding to the cluster subsystem is the 
distribution of the cluster map. We compute the ‘cluster’ of the product subsystem of a spatial product 
system given by a single unit and show that it is the type 1 part of the product system. 

Suppose iE,B) is a product system and {F,B\f) is an inclusion subsystem. Define Ft by 
Ft = spanjcc 'S) y ■ x € Ey Q Fr,y G Et-r © Ft-r, for some r,0 < r < t}. 

Set FI = EtQ Ft. 

Lemma 26. With the notation as above, {Fl, Bg^tlp^) is an inclusion system. 


Proof: Let x G Eg_|_j. First note that 

Fg' © f; = (fg © f;) n (Fg' © Et). 


Now 

Fg+,. C Fg © F,. C ^Ig © Fy, 


implies 


Eg © {Ey Q Fy) d Es + y © Fg+y. 

Now For y G Eg, zi G Ey Q Fy, Z 2 G Et-y © Ft-y, for some 0 < r < t, we get j/ © zi G Eg+y © Fg+r- So 
(x, 1/1 © zi © Z 2 ) = 0. This shows 

X G EsFt © [Eg © Ft). 

i.e. X G £g® F/. Similarly we get for 0 < r' < s, 

{Eg—yf © Fg — yf) © Et GL Egjyt—y' © Fg^t—r'. 

So for z'l G Ey’ © Fyi, Z 2 G Eg-y' © Fg_r', y' G Et, we have Z 2 ® y' G Eg+t-r' © Fg+t-y’. This shows 

X G Eg+t © (Fg © Et). 


i.e. X G Fl ® Et. Associativity property follows from the associativity of the product system. □ 

Given a product subsystem F of a product system £, denote by F the product system generated 
by the inclusion system {F',W\p'). We call this product subsystem as the cluster of F in E. Now our 
present task is to relate the cluster construction with the theory of random sets described in [11]. Recall 
that the random closed sets are characterized by the random variables Xg^t = X{Z:Zn[s,t]=0}(-^), fulfilling 
Xy^sXs,t = Xy^t, 0<r<s<t<l. Theorem 3.16, [Lie] shows that the embedding of the product 
subsystem into the whole product system, i.e. the structure encoded in the algebraic properties of the 
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projections P/j uniquely determines a measure type of the random closed sets of [0,1]. These results 
translate some of the structure theory of product systems to the structure theory of measure types on the 
closed subsets of [0,1]. Suppose P is a product subsystem of the product system £. Fix a faithful normal 
state r] on B{Si). Suppose /i;^ is the unique probability measure on as in Theorem 3.16, [11], i.e. 


(5.4) 


^i^{Z : zn \si,U] = 0,i = 1,2,- - • ,fc} = ■ 


. ^ 
Sk,tk> 


{(si, ti) G I). 


Moreover the correspondence 


(5.5) 


X{Z:Zn[s,t]= 9 } ^ 


extends to an injective normal representation of on £i. Its image is {P^f{s,t) G /}". For any 

Z G Uic, denote Z the set of its cluster points: 


Z = {te Z -.te Z\{t}}. 

Suppose I : t is the measurable map defined by 1{Z) = Z. With these preparations in hand, we 

can derive an interesting relation between measure types and . 


Theorem 27. Suppose £, P, are as above. Then 

(5-6) Jn ^X{z-.zn[s,t]=<li}) = Pf,t^ {{sA) G I). 

Therefore 

(5.7) p^{Z : Z n [s., p] = 0, * = 1, 2, ■ • ■ , fc} = ry(pP ■ ■ • pf^^J ((s„ U) G I). 

Consequently, Ai^ = Ai^ o . 


Proof: First note that, Equation ( 5.6 ) implies that P^ G {Pj^t : (s,t) G /}". Now it is enough to 
prove Equation ( 5.6 ). Indeed 

'^jf'(X{Z:Zn[si,ti]=0,i=l,2,---,fc}) = (n^=l(X{Z:Zn[si,ti]=0}) 

= (X{Z:Zn[si,ti]=0}) 


= m=iPLu 


Now applying the states and p on and {P^t : (s,t) G /}" respectively, we obtain 

Equation ( 5.7 ). Now for a closed random set Z, and the interval [s, t], if we have j){Z fl [s, t]} > 2. i.e. if 
Z intersects [s,t] at more than one point, then there exists a rational g G Q, such that Z C\\s,q) and 
Z n [< 7 , t] 0. So we have the identity, 


{Z : tt{Z n [s, t]} < 1} = [U,eQn(s,i){^ : Z n [s, g) ^ 0, Z n [q, t] ^ 0}]F 


Applying on the indicator function of the above two sets, we get 

(X{Z:tt{Zn[s,i]}<l}) = '^;r(X[U,eQn(s,t){ 2 : 2 n[s.g)/ 0 ,Zn[g.t]/ 0 }]'=)- 
Now let Aq = {Z : Z fl [s, g) 0]}, Bq = {Z : Z f\[q,t\ A 0}- Then Aq = n„{Z : Z fl [s, g — 
1/n] = 0}. Further from Equation 5.5 and continuity of P^^, Proposition 3.18, [11], we get J^fxA'^) = 
lininP,-^,_i/„ = P^^q. Hence 

iXAg) = If, 0 ® lfl-5- 

Similarly, 

(xbJ = If, ® Pj^Ag ® Ifi-f 

Now 


j^iXAgnBg) = jqiXAgXBg) 

= (If, ® PFf_^ ® lfi_j(lf, ® P^Ag ® ifi-t) 
= If, ® PFf_g<^Ftg ® ifi-f 
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For measurable sets Di, D 2 , ■ ■ ■ , we claim that 

Indeed {X(JiDi) > ixOi) for all i, implying > ViJ^(xDi)- For the reverse inequality, let 

D[,D 2 ,--- be the sets constructed from by D[ = Di, D[ = Di \ Ufc<i_i£>fc, i > 2. Then 

UiD'i = UiDi, D'i C Di and D[,D 2 , ■ ■ ■ are mutually disjoint. Then 

J^iXUiDi) = J^iXOioO 
i 

< XiJ^ixDi)- 

So we have, 

{X{Z-.‘i{Zn[s,t]}<l}) = {XiU,^qn(,.t)(AgnBg)y) 

= hi- V J^iXA^nBg) 
g6Qn(s,t) 


= l£i- V ® ® 1^1-t 

g6Qn(s,t) 

= h^ - Us ® ® Ifi-t 

— Ifs ® ® Ifi-f 

We claim that 

[ V = [ V Fr-s®^t-r]^- 

geQn(s,t) s<r<t 

For the moment let us assume the claim. Then using the definition of F', we get that 
(5-8) (X{Z:Zn[s,i]<i}) = • 

For any partition P = {s = ri < r 2 < • • • < rfc = t} of [s,t], define the set A-p = {Z : Z (1 [ri,ri+i] < 
k}. Then the following identity holds: 

{Z : tl{Z n [s,f]} < 00 } = UpAp. 

As F is the product system generated by the inclusion system F', we have 

pX _ \/T\^-^pF 


,n+i 


\J Jri iXA-p ) 

V 

*^7) (Xu-p.4-p) 

= {X{Z:'i,{Zn[s,i\}<oo})- 

Now from the identity 

(5.9) {Z : Z n (s, f) = 0} = {Z : j){Z n [s, t]} < 00 }, 


we get 




(X{Z:Zn[s,t]=0}) 


'^^(X{Z:Zn(s,t)=0}) — iUA) G I)- 


Therefore 

p^{Z ■.zr^ [s,t] = 0} = , {[s,t] C I). 

Now it only remains to prove the claim. Clearly 

[ V F^_,,Z)F^_g]^ D [ y F^_,(ZF^_^]^. 

geQn(s,t) s<r<t 



ADDITIVE UNITS OF PRODUCT SYSTEM 


15 


Without loss of generality, we may assume 0 < s < t < 1. We will use the continuity properties as in 
Proposition 3.18, [11], Let 

= If, ® (g) 

Q° = If, (g) ® 

Clearly 

P" < Q°. 

To prove the claim, it is enough to show that . We have, 

P^= K [P^A^-P^,t) + {^-Pf,r)Pr,t+Pf,t] 

s<r<t 


= A [P^r+Pr^t-P^t]- 


s<r<t 


Fix X G range Q^. Fix r G (s, t). Given e > 0, there is a g G Q such that 


and 

Now 


\\Ps,rX - Ps,qA\ < e/2 
||P,> - P^^,x\\ < e/2. 

lx - [P^^, + P^^, - Pf^M = II [Pf^^ + Pg^t - P^,]x - [P^, + P^^, - Pf^M 

< e/2 + e/2 

< e. 


So 


X G range + P^^ — Pf^\ for all s < r < t. 


This implies 

X G range P°. 

This shows P° > and completes the proof. □ 

Suppose {S,W) is a product system and m is a unit of {£,W). For the product subsystem Ft = Cut, 
we wish to show that F is the type I part oi £. To prove the result, we need the following lemmas. 


Lemma 28. Suppose {£, W) is a product system and u is a normalized unit of{£, W). Then Us®F't C F'^j^t 
and F'g®UtG Pg+j. 


Proof: Suppose x G P/. consider the set 

A •= {{zi (g) Z 2 ) ■ (zi,Ur) = 0 = (z 2 , Us+t-r) , for some r, 0 < r < s +1}. 

Then we claim that span A = span (fli U fl 2 U fla), where 

Ai = {{yi 0 2 / 2 ® ys) ■ (yiFr) = 0, {y2,Us-r){y3,Ut) = 0, for some 0 < r < s}, 

A 2 = {(j/i 0 2/2 0 2 / 3 ) : {yi,Us){y 2 ,Ur-s) = 0, ( 2 / 3 , Us+t-r) = 0, for some s < r < s + t} 

and 

^3 = {Zl 0 2:2 : {zi,Us) = 0, {Z2, Ut) = 0}. 

Suppose 2/102/202/3 € Gli. That means for some 0 < r < s, ( 2 / 1 , Mr) = 0, ( 2 / 2 , Ms-r)( 2 / 3 ) Wt) = 0. This implies 
2/1 € £rQ Cur and 2/2 0 2/3 G £s+t-r 0 Cus+t-r- This shows 2/10 2/2 0 2/3 G Gl. We obtain Ai C A. Similarly, 
A 2 , ^3 C A. We obtain, span A D span ( 2 I 1 U 2 I 2 U A 3 ). For the converse, let 2:1 0 Z 2 G A, with {zi,Ur} = 
0, {z 2 , Us+t-r) = 0, 0 < r < s. This implies Z 2 G spanjxi 0 X 2 : xi G £s-r, X 2 G £t, (xi 0 X 2 , Us+t-r) = 0}. 
Clearly zi 0 xi 0 X 2 G Ai. We get zi 0 Z 2 G span Ai. Similarly, for Zi 0 Z 2 G A with {zi,Ur) = 0, 
Z 2 , Us+t-r) = 0, s < r < s + t, we have zi 0 Z 2 C span A 2 . Therefore span A C span [Ai U gl 2 U A 3 ). 
This proves the claim. Now suppose 2/1 0 2/2 0 2/3 G Ai be an arbitrary vector. Then there is some ro) 
0 < ro < s, such that ( 2 / 1 , Wro) = 0 , ( 2 / 2 , Ms-ro)(2/3) Mt) = 0 , and 

{Us 0 X, 2/1 0 2/2 0 2 / 3 ) = {Uro 0 Us-ro 0 X, 2/l 0 2/2 0 2/3) 
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= {Uro,yi){Us-ro,y2){x,y3) 

= 0. 

This shows that Us 0 x G Ai'^. Now let yi ® y 2 ® Vz G ^2 be arbitrary. Then there is some ri, 
s < ri < s + t, such that (yi, Ms)(j/ 2 , Wri-s) = 0, ( 2 / 3 ) Ws+t-n) = 0. Now if {us,yi) = 0, then the inner 
product {us ® x,yi® y 2 ® ys) = 0 and if (us,2/i) 0) then (y 2 ,Un-s) = 0 and ( 7 / 3 , ■Us+t-n) = 0. This is 

equivalent to 2/2 ® 2/3 G As x G Fl, the inner product {ug 0 x, t/i 0 7/2 ® 2 / 3 ) = 0. For Zi^ Z 2 & A 3 , it is 
easily seen that {ug 0 x, 0 Z 2 ) = 0. Thus for arbitrary vector z G spanA, we have {ug ®x,z) = 0. Hence 
Us (g) X G ■ Similarly F'^ (g) Ut C 

Define Xt = F/ © Cut. From the previous lemma, it follows easily that Ug® Xt G Xg+t and Xg^ut C 
Xg^f We identify the space Xg as a subspace of Xg^t by x 1 —x © Ut. This is an isometric embedding. 
Set X = ind limits>oAs. Denote the image of x G in AT via x. For t > 0, define St '■ X ^ X via 
S't(x) = Ut® X, and set Sq = id. 

Lemma 29. Suppose St is defined as above. Then {St)t>o forms a strongly continuous semigroup of 
isometries. Also {St)t>o is a pure semigroup i.e. {St)t>o does not have any unitary part. 

Proof: Clearly (S't)t>o is a semigroup of isometries. Now to prove strong continuity of t 1 —>■ St, it is 
enough to show that for x G Ap, y G Ag, 0 < t < 1, t i-G (x. Sty) is continuous. Set T > 0 such that p <T, 
q + t <T. Now 

(x. Sty) = (x, ut © y) 

= (X © UT-p, Ut®y® UT-q-t). 

Set z = x®ut-p and w = y®UT-q. Then z,w G St- Let U)f in B{St) be the unitary group iUt)t£(o,T) C 
B{£t) acting with regard to the representations Er-t ® St — £t — St ® ST-t as flip: 

(5.10) Uj (xT-t © 2/t) =yt® XT-t , {xT-t G Sr-t, yt G Ft). 

Then Uf {y © ur-q) = ut ® y ® ur-q-t- So we have, 

{x,Sty) = (z,Ufw). 

Now an identical argument to the Proposition 3.11, [11], shows the map t 1 —>■ [//’ is strongly continuous. 
Hence our result follows. 

Now for the last part, it is equivalent to show that nt>oS't(A) = {0}. we claim that St{Xg) is orthogonal 
to At for every s,t > 0. Indeed, the claim follows from the fact that ut © Xg and At © Ug are orthogonal 
for every s,t > 0. This implies that S't(A) is orthogonal to At. Now if z G nt>oS't(A), we have z G At"*" 
for every t > 0 z G A-*- z = 0. □ 

Theorem 30. Suppose {£, B) is a product system and u is a normalized unit of {£, B). Let F = (Ft)t>o 
he the produet subsystem given by Ft := Cut. Then {F, B) is the type I part of {£, B). 

Proof: From the definition of Ff it is clear that if a is a root of the unit u, then at G Ft. Now it follows 
from corollary 15, that (F, B) contains the type 1 part of {S, B). On the other hand, we claim that 

Xgj^t — Ug © Xt 0 Xg © Ut. 

Indeed, from Lemma 28, we get A^+t © © At © Xg © ut. For the reverse containment, we observe 

that, F^'^j C Fg © Fl implies Ag+t C (Ag © ut) © (ug © At) © (Ag © At). So it is enough to show that 
Ag+t C Sg+t © (Ag © At). But this follows from the fact that Xg® Xt C A+t- So under the identification 
of Ag inside Ag+t) we have for every s, t > 0, 

Ag+t = Ag © Fg(At). 

Taking limit as tf 00 , we get for every s > 0, 

A = Ag®Fg(A). 

Theorem 9.3, Chapter HI, [25] states that every pure strongly continuous semigroup of isometries is 
unitarily equivalent to the unilateral shift semigroup on L‘^{[0,t], K), for some Hilbert space K. From 
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Lemma 29, there is a unitary U : X ^ L'^{[0,oo), K) for some separable Hilbert space K, such that 
UStU* = Sf, where S^ is the unilateral shift semigroup on L‘^{[0,oo],K). 




f{x — t) ii x>t 
0 otherwise. 


Now L'^{0,oo),K) decomposes for every s > 0, as 

L^i[ 0 ,^],K) = U{X) 

= UiXs) © USs{X) 

= U{X,) © USsU*U{X) 

= 17(X,)©5'L2([0,oo],iL) 

= C/(X,)©L2([s^oo],iL). 


Therefore U{Xs) = L^([0, s], iL). For each t > 0, Consider the set Et = CH* © L^([0,t],iF) C 
rsym(L^[0, t], iF), where H for all t > 0, is the vacuum vector. Suppose / G L^([0, s + t,K]). 

Let g £ L^([0, s],iL) be defined as g = /|[o,s] and h G L‘^{[0,t], K) be defined as 

h{r) = f{r + s) , 0 < r <t. 

Note that S'^h = /|[s,s+t]. From the equation f = g + S'^h, we have : Fsym(i^[0,s + t],K) —>• 

Tsym{L‘^[Q,s\,K) © Tsym{L'^[^,t],K) is given by 

Ws,tf = g © fit + Hg © h. 

For a G C and / G L^([0, s + t],K), 

Wlt\E.+tians+t ® f) = a(Hg ©Ht) © (g © Ht + Hg © /i) G Es®Et. 

So {EuWl,\ E„+t) is an inclusion system. Define <l>t : Et by 

$t(Awt + xt) = ADg © U\xt{x) 

for X G Xt- We claim that ($t)t>o is an isometric morphism of inclusion system. For x G X^+t, there 
are y £ Xt and z G Xg such that bFg^t^ = Mg © j/ + z © ut- Under the identihcation on X, we have 
X = Ssy + z. So Ux = USsU*Uy -\-Uz = S'^Uy + Uz. Under the map W^t on rgym(U^[0, s + t\,K), we 
get S'tUy -\-Uz = fUg^t (fls ®Uy + Uz® fit). This implies 

IFg^t C) $t)lFg^t(A'«s+t +x) = Wg^t C) $t)(A'Ug © Mt + Ws © 1/ + 2 © Mt) 

= Wg^t*(A(fl. © fit) © (fls © U\x,y + U\x,z © Dt)) 

= ADg+t © SgUlxtU + U\xsZ 
= ADg+t © USsU*U\x,y + U\x.z 
= ADg+t © C/|x„+t (S'gj/ + z) 

= ADg+t © U\x,+t^ 

= $g+t(A'Ug+t + x). 


So E' and E are isomorphic as inclusion systems. So their generated product systems are isomorphic. 
As E generates a type I product system, Tsym{L‘^[0, t],K), we have E generated by E' is a type I product 
system of index dim(Ar). □ 

Here we do a similar construction which generalize the cluster construction. Suppose £1 is a product 
system and E^ and E^ are two inclusion subsystems of the product system S. Consider for each t > 0, 
the space 

Gt = spanjcc ® y •. x £ £r Q ,y £ £t-r © for some 0 < r < t}. 

Define G't = StQ Gt- 

Proposition 31. Let GJ be defined as above. Then G' is an inclusion system containing and 
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Proof: First we will show that and is contained in G'. Now fix x 0 y G Gt- So {x,F^) = 
0, {y,F^_^) = 0, for some 0 < r < t. This implies that (F^ 0 F^_^,x 0 y) =0, which with the fact 
F^ C F^ 0 for every 0 < r < t proves that F^ is contained in G'. Similarly C G'. Suppose 
X G Gg_i_f. Now observe that 

Gi 0G't = (S, 0 G't) n (Gi 0 £t). 

Now from the containment F^^^. C F^ 0 F^ C £s (S' F^, we get 

£s+r 0 F,1+^ D 0 {£r eF^). 

For y G £s, zi G SrQF^, Z 2 G £t-r © F^_j., we get y0zi G £s+r © F^^r- • Consequently {x,y0zi0Z2) =0. 
We get X G £s0G[. Similarly, from the containment C Fg_^, © F^ C F‘^_^, 0£t, we get 

£s+t-r © D {£s-r © F^_^) 0 £t. 

For ici G £r' © F^,, W 2 G £s-r' © F'^-r'^ y' G ^6 get W 2 0 y' G £s+t-r' © F^_^_^_^,. Consequently 
{x,wi 0 W 2 0 y') = 0. We get x G G'g0 £t. Hence x G G'^ 0 GJ. Associativity of the inclusion system 
follows from the associativity of the product system. □ 

Remark 32. Note that if we take F^ = F^, then the product system generated by G is F^. Therefore it 
need not be the produet system generated by F^ and F^. 

Appendix A: More facts about inclusion systems 

Suppose (F, (3) is an inclusion system and {£, B) is its generated product system. We recall four basic 
properties of the inductive limit construction, (i) There exist canonical injections(isometries) ig : Fg —>■ £t 
such that given r , s G Jt with r < s , is(3s,r = A- (h) span{ig(a) : a G Fg, s G Jt} = £t- (in) The following 
universal property holds : Given a Hilbert space Q and isometries (/g : Fg —>■ C/ satisfying consistency 
condition gsPs.r = ffr for all r < s G Jt, there exists a unique isometry g : £t ^ G such that gs = gig 
Vs G Jt- (iv) Suppose K C Jt has the following property: Given s G Jt, there exists t G F such that 
s < t, then £t = indlimrgiirFr. Observe that K is indeed a directed set with the order inherited from Jt- 
In other words, (xs)sgk is a subnet of (xt)teJf We observe that the family of maps i = {is)s>o where 
is : Eg ^ £s satisfy the following: for s = (si, • • • , Sm) © t = (G, • ‘ ’ i tn) G Jt, we have 

(5.11) Bsyis-—-t — G © ^t- 

(5.12) Fs,t(Gi © • • • © ism) = (*ti © • • • © *t„)/3s,t- 

Here we prove the following important fact which we use repeatedly without reference. 

Lemma 33. Suppose {£,V) is a produet system and (F, fi) is an inclusion subsystem of (£,V). Suppose 
{F,B) is the algebraic product system generated by {F,l3). Then (F,B) can be identified as a product 
subsystem of{£,V). 

Proof: For every s > 0, Fs is a closed subspace of £s and for s,t > 0, fis,t = Vsylr^+t- Gonsider the 
family of isometries (V)*g|F„ ■ Fg ^ £t)s&jf Then for s < t G Jt, we have 

KtlF/3s,t = KtlF^s.t|F3 

= KsIf.- 

By the property (iii) listed above, for every t > 0, there is a unique isometry jt : Ft ^ £t such that for 
every s G Jt, jtis = where ig : Fg —>■ Fg is the canonical inclusion. We claim that j = {jt)t>o is an 

isometric morphism of algebraic product system from {F, B) to {£, V). Indeed, for s G Js and t G Jt, 

ijs © jt)(*s © A) = jsis 0 jtit 

= (Ktsb. ® v*,\e,) 

't I 
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From Equation ( 5.11 ), we get {js ® jt)Bs^tis^t = Vs.tjs+tis^t- As by property (iv) above, 
span ® ^ I' ^ Js Jti^ ^ ^ 5+t5 


we get 


{js ^ — F^,ijs+t- 

This proves the claim. We may thus identify B as an algebraic product subsystem of S. Now suppose 

'T' P T S' T T S 

tgR is the unitary group on St as in ( 5.10 ). Note that =U^' \tt - From Proposition 
3.11, [Lie] we get that t —>■ is strongly continuous for every T > 0. Therefore being a restriction map, 

t —>■ is also strongly continuous for every T > 0. Now an application of Theorem 7.7, [11] shows that 

is a product subsystem of {S,V). 


Appendix B: Guichardte’s picture of symmetric Fock space 


Suppose A is a separable Hilbert space. Set H = L^(]R^ A), Ht = L^([0, t]. A). We denote by TsymiH), 
^the symmetric Fock spaces over H and respectively. For f ^ and q € S^sym (Ht), 

we define IPy(e(/) 0 e{g)) = e{Stf + g), where St is defined as in Equation ( 3.3). Then Fsj^„(A) := 
(^symiHt), W^t) is a product system. Set A„(t) is the set of all subsets of the interval [0, t] of cardinality 
n and A(t) is the set of all finite subsets of the interval [0,t]. 

From the Lebesgue measure on the real line, we induce the Poisson measure P on A(t) by 


C C 

P(A)=5|0|(A) + ^1 J-" J dti---dtnS{t,M,-,t^}{E). 


Set Pt = L^{A{t),K,P) = {g : A{t) r(A) : g{a) G A®#'", / < oo}, where r(A) is the full 

Fock space over A and #ct is the cardinality of a. For / G L^([0, t]. A), denote / G by 

1 if cr = 0 

1 f(tl) ® f(t 2 ) 0 • • • 0 f(tn) if cr = {ti < t 2 < • • • < A}- 


We claim that {/ : / G L^([0,t],A)} is dense in Pf Indeed, suppose g G Pt and / fgdP = 0, for 
all / G L^([0,t],A). Then f lia,b]ffdB = 0, for all intervals [a,b] C [0,t]. It implies f gdP = 0 for 

E 

E = {a G A{t) : a C [a, 6]}. As these sets are the cylinder sets for the sigma filed, we get g = 0. Now 
under the map e(/) -G f we have the Hilbert space isomorphism Tsym{Ht) — Pt- For / G Ps, and g G Pt, 
define IF-^(/ ® g) G Ps+t by 

IF^(/ ® ff)(c^) = /(c^ n [t, s + t] — t) (g) g{a n [0, t]), a G A(s + t). 

Then it is easily verified that the product systems Fsym(A) = iVsym{Ht),W^) and P = {Pt,W^) are 
isomorphic. Under this isomorphism, the vacuum vector Sit = e(0) is identified as 


r 1 if cr = 0 
1 0 otherwise. 
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